Introduction
Let G = (V, E) be a simple graph. The order of G is the number of vertices of G. For any vertex v ∈ V , the open neighborhood of v is the set N (v) = {u ∈ V |uv ∈ E} and the closed neighborhood of v is the set N [v] = N (v) ∪ {v}. For a set S ⊆ V , the open neighborhood of S is N (S) = v∈S N (v) and the closed neighborhood of S is N [S] = N (S) ∪ S. A set S ⊆ V is a dominating set if N [S] = V , or equivalently, every vertex in V \ S is adjacent to at least one vertex in S. The domination number γ(G) is the minimum cardinality of a dominating set in G. A dominating set with cardinality γ(G) is called a γ-set. The family of all γ-sets of a graph G is denoted by Γ(G). A connected dominating set S is a dominating set whose induced subgraph S is connected. Since a dominating set must contain at least one vertex from each component of G, it follows that only connected graphs have a connected dominating set. The minimum cardinality of a connected dominating set is the connected domination number γ c (G). The family of all γ c -sets of a graph G is denoted by Γ c (G). Obviously, γ(G) ≤ γ c (G), for more information of these parameters, refer to [7] . We denote the family of all dominating sets of G with cardinality i containing a vertex v by D v (G, i), and d v (G, i) = |D v (G, i)| (see [2] , [3] , [4] ). The minimum degree of G is denoted by δ(G) and the maximum degree of G is denoted by ∆(G). A path is a simple graph whose vertices can be arranged in a linear sequence in such a way that two vertices are adjacent if they are consecutive in the sequence, and are nonadjacent otherwise. Like wise, a cycle on three or more vertices is a simple graph whose vertices can be arranged in a cycle sequence in such a way that two vertices are adjacent if they are consecutive in the sequence, and are nonadjacent otherwise. The length of a path or a cycle is the number of its edges. A path or cycle of length k is called k-path or k-cycle.
A vertex v of G is a cut vertex if G − v, the subgraph of G induced by V (G) − v has components more than of G. A subset S of V (G) is a vertex cut of G if G − S, the subgraph of G induced by V (G) − S has components more than of G. If S has k vertices we denote the set S by k-vertex cut. A complete bipartite graph is a simple bipartite graph with bipartition (X, Y ) in which each vertex of X is joined to each vertex of Y ; if |X| = m and |Y | = n, such a graph is denoted by K m,n . The complement G c of a simple graph G is the simple graph with vertex set V , such that two vertices are adjacent in G c if and only if they are not adjacent in G.
The corona of two graphs G 1 and G 2 , is the graph G = G 1 • G 2 formed from one copy of G 1 and |V (G 1 )| copies of G 2 , where the ith vertex of G 1 is adjacent to every vertex in the ith copy of G 2 . The corona G • K 1 , in particular, is the graph constructed from a copy of G, where for each vertex v ∈ V (G), a new vertex v and a pendant edge vv are added.
A vertex-transitive graph is a graph G such that for every pair of vertices v and w of G, there exists an automorphism θ such that θ(v) = w.
The notion of generalized Petersen graph is introduced as follows: given integers n ≥ 3 and k ∈ Z n − {0}, the graph GP (n, k) is defined on the set {x i , y i |i ∈ Z n } of 2n vertices, with the adjacencies given by x i x i+1 , x i y i , y i y i+k for all i. In this notation, the Petersen graph is GP (5, 2), we denote the Petersen graph by P = P (5, 2).
GP (n, k) is vertex-transitive if and only if k 2 ≡ +1, −1 (mod n) or (n, k) = (10, 2). For more information refer to [5] , [6] . We use the notation n r = p(n,r) r! = n! r!×(n−r)! . Recently, it has been studied of the domination polynomials of cubic graphs of order 10 and it has been obtained the domination polynomial of Petersen graph [3] .
In this paper, we study the connected dominating sets and connected domination polynomial of any graphs in particular we classify the connected domination polynomial of paths, cycles, corona of a graph and Petersen graph P (5, 2) and generalized Petersen graph GP (6, 1).
The connected domination polynomial of graph
In this section, we study the connected dominating sets and connected domination polynomial of any graph. In particular paths, cycles, corona of a graph. Observation 1. For any connected graph G of order n we have.
Proof. (i) and (iii) are clear.
(ii) If a vertex v is a cut vertex of G, then the induced subgraph V (G) − {v} is not connected. Therefore V (G)−{v} is not a connected dominating set of G. This implies that, any vertex set of size (n − 1) is a connected dominating set if and only if the nth vertex is not a cut vertex. Thus d c (G, n − 1) = n − k where k is the number of cut vertices of G. Lemma 1. Let G be a connected graph of order n. If G has k cut vertices and r 2-vertex cut sets, then
Proof. Let B = {{w 1 , u 1 }, {w 2 , u 2 }, . . . , {w r , u r }} be all 2-vertex cut of G and C = {v 1 , v 2 , . . . , v k } be the cut vertex-set of G. Then any n − 2-connected dominating set of G should contains C and B. Therefore D c = V (G) \ {v, w} is a connected dominating set if and only if {v, w} ∩ C = ∅ and {v, w} ∈ B. d c (G, n − 2) = Proof. By Observation 1, part (ii) and the coefficient of x 2n−1 in the polynomial x n (1 + x) n which is n 1 , the number of cut vertices,
It is well known that the minimum size of connected dominating set of a path P n and a cycle C n is n − 2. Hence we have;
Let G be a connected graph with n vertex set and G • K 1 be the corona of G. It is easy to see that γ c (G 
Proof. Let {v 1 , v 2 , . . . , v n } be the vertices of G and {u 1 , u 2 , · · · , u n } be the n pendant vertices of
Since for finding the connected dominating set of G • H for a connected graph G, we should choose all vertices of G, then using the method of the proof of Theorem 1 we have. 
In particular we have. 
Note that we denote vertices a 1 , a 2 , a 3 , a 4 , a 5 for outer 5-cycle and vertices
Lemma 4. For the Petersen graph P , d c (P, 5) = 72.
Proof. First, we list all connected dominating sets of P of cardinality 5 containing one vertex, say the vertex labeled 1, which are the γ c sets of the labeled Petersen graph given in Figure 1 .
To determine d c 1 (P, 5), we consider 5 cases. Case 1. We select 5 vertices on the outer 5-cycle. This case is possible in 1 way. The number of selection 4 vertices on the outer 5-cycle containing a 1 = 1 is 4, therefore this case is possible in 8 ways. 
The number of selection 3 vertices on the outer 5-cycle containing a 1 = 1 is 3, therefore this case is possible in 15 ways. {1, 4, 5, 7, 10}, {1, 2, 10, 8, 6}, {1, 2, 10, 7, 8}, {1, 2, 10, 7, 9}, {1, 3, 7, 9, 6}, {1, 3, 7, 9, 10}, {1, 4, 7, 10, 8}, {1, 4, 7, 10, 9}, {1, 5, 9, 7, 10}, {1, 5, 9, 7, 6}, {1, 5, 9, 6, 8}, {1, 7, 10, 9, 8}, {1, 7, 10, 9, 6}}.
Since the Petersen graph is vertex-transitive graph, therefore the number of these connected dominating sets is 36 × 10 = 360. By Lemma 2 and note that the above five dominating sets are connected, d c (P, 5) = Proof. To determine d c 1 (P, 6), we consider 5 cases.
Case 1. We select 5 vertices on the outer 5-cycle and 1 vertex on the inner 5-cycle. Assume that 5 vertices on the outer 5-cycle were be selected, then we can select one vertex on the inner 5-cycle in 5 ways. So selection 5 vertices on the outer 5-cycle containing a 1 = 1 is possible in 5 ways.
Case 2. We select 4 vertices on the outer 5-cycle and 2 vertices on the inner 5-cycle. Assume that 4 vertices were be selected on the outer 5-cycle for example, a 1 , a 2 , a 3 , a 4 then b 5 is not dominated. Since 6 selected vertices should be connected, b 2 or b 3 should be selected and we can select another vertex among remained vertices. It is possible in 7 ways.
So, if 4 vertices are selected on the outer 5-cycle containing a 1 = 1, then this case is possible in 28 ways. Proof. It suffices to determine the number of 7-subsets of vertices which are not connected dominating set. Suppose that S ⊆ V (P ), |S| = 7, and S is not a connected dominating set for P . Thus there exists v ∈ V (P ) such that N [v] ∩ S = ∅ or S is not connected. By Lemma 3, S is a dominating set. Now, note that for every x ∈ V (P ), V (P ) \ N (x) is not connected. The number of 7-subsets of V (P ) which are not connected dominating sets is 10. So we have d c (P, 7) = 
Proof. The result follows from Lemmas 4 -7.
Connected domination polynomial of the generalized Petersen graph GP (6, 1)
In this section we shall investigate the connected domination polynomial of the GP (6, 1). It can be easily investigated that the connected domination number of the GP (6, 1) is 6. First we obtain all connected dominating sets of size 6 by the following lemma. Note that we denote vertices a 1 , a 2 , a 3 , a 4 , a 5 , a 6 for outer 6- Proof. First, we list all connected dominating sets of G of cardinality 6 containing one vertex, say the vertex labeled 1, which are the γ c sets of the labeled GP (6, 1) given in Figure 2 . To determine d c 1 (G, 6), we consider 6 cases. Case 1. We select 6 vertices on the outer 6-cycle. This case is possible in 1 way.
Case 2. We select 5 vertices on the outer 6-cycle and 1 vertex on the inner 6-cycle. If 5 vertices are selected, then one of vertices on the inner 6-cycle is not dominated, since 6 selected vertices are connected, for selecting 1 vertex on the inner 6-cycle is possible in 2 ways.
For example if a 1 , a 2 , a 3 , a 4 , a 5 are selected, then vertex b 6 is not dominated and vertices b 1 or b 5 should be selected. Therefore the number of selection 5 vertices on the outer 6-cycle and containing a 1 = 1 is 10. Case 4. We select 3 vertices on the outer 6-cycle and 3 vertices on the inner 6-cycle. If 3 vertices are adjacent, then one of vertices on the outer 6-cycle is not dominated, so its adjacent vertex on the inner 6-cycle should be selected and two other vertices be selected such that induced 6 selected vertices are connected. For example by selecting a 1 , a 2 , a 3 ; the vertex a 5 is not dominated, so vertex b 5 should be selected and two other vertices are b 1 , b 6 or b 3 , b 4 . If 3 vertices are not adjacent, we can not select 6 selected vertices connected dominating sets. Since the number of selection 3 adjacent vertices on the outer 6-cycle and containing a 1 = 1 is 3, so this case is possible in 6 ways.
Case 5. We select 2 vertices on the outer 6-cycle and 4 vertices on the inner 6-cycle. If 2 vertices are adjacent, 2 vertices on the outer 6-cycle are not dominated, then 2 vertices adjacent to 2 above vertices on the inner 6-cycle should be selected and two other vertices should be selected such that 6 selected vertices be connected. {1, 2, 3, 10, 11, 12}, {1, 2, 6, 11, 12, 7}, {1, 2, 6, 11, 10, 9}, {1, 5, 6, 10, 9, 8}, {1, 5, 6, 10, 11, 12}, {1, 2, 11, 12, 7, 8}, {1, 2, 11, 12, 10, 9}, {1, 4, 11, 12, 7, 8}, {1, 4, 11, 10, 9, 8}, {1, 6, 10, 11, 12, 7}, {1, 6, 10, 11, 9, 8}, {1, 8, 7, 12, 11, 10}, {1, 8, 9, 10, 11, 12}}.
Since the G = GP (6, 1) is vertex-transitive graph, therefore the number of connected dominating sets is 12 × 37 = 444. By Lemma 2 and note that the above six dominating sets are connected, d c (G, 6) = Proof. First, we list all connected dominating sets of G of cardinality 7 containing one vertex, say the vertex labeled 1, which are the γ c -sets of the labeled GP (6, 1) given in Figure 2 .
To determine d c 1 (G, 7), we consider 6 cases.
Case 1. We select 6 vertices on the outer 6-cycle and 1 vertex on the inner 6-cycle. If 6 vertices are selected, then all vertices are dominated and we can select one of vertices on the inner 6-cycle. In this case the number of 7 selected vertices is 6. Case 2. We select 5 vertices on the outer 6-cycle and 2 vertices on the inner 6-cycle. If 5 vertices are selected, then one of vertices on the inner 6-cycle is not dominated . For example if a 1 , a 2 , a 3 , a 4 , a 5 are selected, then vertex b 6 is not dominated and we consider 2 cases for selecting two vertices on the inner 6-cycle. (ii) By selecting b 1 or b 5 , the vertex b 6 is dominated and another vertex is selected among remaind vertices except b 6 . This case is possible in 7 ways. Therefore the number of selection 5 vertices on the outer 6-cycle and including a 1 = 1 is 45.
Case 3. We select 4 vertices on the outer 6-cycle and 3 vertices on the inner 6-cycle. If 4 vertices are adjacent, then 2 vertices on the inner 6-cycle are not dominated . For example if a 1 , a 2 , a 3 , a 4 Case 4. We select 3 vertices on the outer 6-cycle and 4 vertices on the inner 6-cycle. If 3 vertices are adjacent, then one of vertices on the outer 6-cycle is not dominated, so its adjacent vertex on the inner 6-cycle should be selected and three other vertices be selected such that induced 7 selected vertices are connected. For example to select a 1 , a 2 , a 3 ; the vertex a 5 is not dominated. So vertex b 5 should be selected and three other vertices be selected in 6 ways, Case 5. We select 2 vertices on the outer 6-cycle and 5 vertices on the inner 6-cycle. If 2 vertices are adjacent, then 2 vertices on the outer 6-cycle are not dominated, so 2 its adjacent vertices on the inner 6-cycle should be selected and 3 other vertices be selected among remind vertices in If 2 vertices are not adjacent and distance between of them is 2, then one vertex on the outer 6-cycle is not dominated. So its adjacent vertex on the inner 6-cycle should be selected and four other vertices be selected in 3 ways. For example by selecting a 1 , a 3 ; vertex b 5 should be selected and four vertices be selected in 3 ways, b 1 , b 6 , b 4 , b 3 ; b 1 , b 2 , b 3 , b 4 or b 3 , b 2 , b 1 , b 6 . If the distance between to selected vertices from outer 6-cycle is 3 and a 1 , a 4 are selected, then b 2 , b 3 , b 6 , b 5 are not dominated. Since 7 selected vertices are connected, the vertices b 1 , b 4 should be selected and three other vertices be selected in Case 6. We select 1 vertex on the outer 6-cycle and 6 vertices on the inner 6-cycle. If 1 vertex on the outer 6-cycle is selected, then we can select 6 vertices on the inner 6-cycle is one way. In this case the number of 7 selected vertices connected dominating sets including a 1 = 1 is 1. Therefore the number of 7 selected vertices connected dominating sets including a 1 = 1 is 154.
These connected dominating sets are listed below. Proof. It suffices to determine the number of 8-subsets of vertices which are not connected dominating set. We consider 3 cases. Case 1. We select 5 vertices on the outer 6-cycle and 3 vertices on the inner 6-cycle. If 5 vertices are selected, then one of vertices on the inner 6-cycle is not dominated . For example if a 1 , a 2 , a 3 , a 4 , a 5 are be selected, then vertex b 6 is not dominated. We consider 2 cases for selecting three vertices on the inner 6-cycle such that the vertex b 6 is not dominated yet. Therefore the number of selection of 4 vertices on the outer 6-cycle including a 1 = 1 which are not connected dominating sets is 70.
Case 3. We select 3 vertices on the outer 6-cycle and 5 vertices on the inner 6-cycle. If 3 vertices are adjacent, then one of vertices for example a i on the outer 6-cycle is not dominated, so we can select 5 vertices on the inner 6-cycle unless b i in 1 way. For example to select a 1 , a 2 , a 3 ; vertex a 5
